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Lecture 21

Generating functions

Moment generating functions

Moments and the MGF

Sums of independent variables

Characteristic functions

Probability generating functions
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Generating functions

Probability generating function

gX(s) = E
{

sX
}

=
∑

x

sx pX(x)

Moment generating function

MX(t) = E
{

etX
}

=
∑

x

etx pX(x)

Characteristic function

ϕX(θ) = E
{

eiθX
}

=
∑

x

eiθx pX(x)

where i =
√
−1.
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Moment generating functions

MX(t) = E
{

etX
}

=
∑

x

etx pX(x)

X Bernoulli, parameter p

MX(t) = etp + e0q = pet + q

X ∼ Bin(n, p)

MX(t) =
n

∑

k=0

etk

(

n

k

)

pkqn−k

=
n

∑

k=0

(

n

k

)

(pet)kqn−k

= (pet + q)n
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X ∼ Poiss(λ)

MX(t) =
∞
∑

k=0

etk

(

e−λλk

k!

)

= e−λ

∞
∑

k=0

(λet)k

k!

= e−λeλe
t

= e−λ(1−e
t)

X ∼ Geom(p)

MX(t) =
∞
∑

k=1

etk pqk−1 = pet

∞
∑

k=1

(qet)k−1

= pet

∞
∑

k=0

(qet)k =
pet

1 − qet
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Finding the moments from the MGF

d

dt
MX(t) =

d

dt

∑

x

etx pX(x)

=
∑

x

d

dt

(

etx
)

pX(x)

=
∑

x

x etx pX(x)

So

d

dt
MX(t)

∣

∣

∣

t=0
=

∑

x

x pX(x) = E{X}

Similarly

d2

dt2
MX(t)

∣

∣

∣

t=0
=

∑

x

x2 pX(x) = E{X2}

5



'

&

$

%

d

dt
MX(t)

∣

∣

∣

t=0
= E{X}, d2

dt2
MX(t)

∣

∣

∣

t=0
= E{X2}

Binomial, MX(t) = (pet + q)n

M ′
X(t) = npet(pet + q)n−1 ⇒ E{X} = M ′

X(0) = np

M ′′
X(t) = npet(pet + q)n−1 + n(n − 1)(pet)2(pet + q)n−2

⇒ E{X2} = M ′′
X(0) = (np)2 + npq

Poisson, MX(t) = e−λ(1−e
t)

M ′
X(t) = λe−te−λ(1−e

t) ⇒ E{X} = M ′
X(0) = λ

M ′′
X(t) = λe−te−λ(1−e

t) + λ2e−2te−λ(1−e
t)

⇒ E{X2} = M ′′
X(0) = λ + λ2
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Moments and the MGF

• FACT: If MX(t) exists for all t ∈ [−ǫ, +ǫ], then ALL the

moments E{Xk} exist and are finite.

E{Xn} =
∞
∑

k=−∞

kn pX(k)

=

−1
∑

−∞

kn pX(k) +

∞
∑

1

kn pX(k)

= I + II

II ≤
∑

k:kn≥exp(ǫk)

knpX(k) +
∑

k:kn<exp(ǫk)

eǫkpX(k)

≤ C(n, ǫ) + MX(ǫ) < ∞

The other term is similar, but uses −ǫ.
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Characteristic functions

ϕX(θ) = E{eiθX} = E{e(iθ)X} = MX(iθ)

• MGF’s do not always exist, since moments do not.

• Characteristic functions always exist.

∣

∣E{eiθX}
∣

∣ =

∣

∣

∣

∣

∣

∑

x

eiθx pX(x)

∣

∣

∣

∣

∣

≤
∑

x

∣

∣eiθx
∣

∣ pX(x)

=
∑

x

pX(x)

= 1

• Derivatives of characteristic functions evaluated at θ = 0

give moments.

d

dθ
ϕX(θ)

∣

∣

∣

θ=0
= iE{X}, d2

dθ2
ϕX(θ)

∣

∣

∣

θ=0
= −E{X2}, etc
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Uniqueness of generating functions

• Each probability function generates only one MGF or CF.

(Obvious)

• Each characteristic function comes from only one probabil-

ity function. (Deep result in complex analysis)

• Each moment generating function (along with its region of

convergence) comes from only one probability function.

(Deep result in real analysis)

• Using the definitions

. MX(t) = E
{

etX
}

, ϕX(θ) = E
{

eiθX
}

,

the same uniqueness will hold for “continuous random

variables”.
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MGF’s of sums

• X1, . . . , Xn independent with MGF’s MX1
(t), . . . , MXn

(t).

• Sn = X1 + . . . + Xn

MSn
(t) = MX1

(t) · · ·MXn
(t)

MSn
(t) = E{etSn}

= E{et(X1+...+Xn)}
= E{etX1 · · · etXn}
= E{etX1} · · ·E{etXn}
= MX1

(t) · · ·MXn
(t)
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Applications

• X ∼ Bin(n1, p), independent of Y ∼ Bin(n2, p),

⇒ (X + Y ) ∼ Bin(n1 + n2, p).

MX+Y (t) = MX(t)MY (t) = (pet + q)n1 (pet + q)n2

= (pet + q)n1+n2

• X ∼ Poiss(λ1), independent of Y ∼ Poiss(λ2),

⇒ (X + Y ) ∼ Poiss(λ1 + λ2).

MX+Y (t) = MX(t)MY (t) = e−λ1(1−e
t) e−λ2(1−e

t)

= e−(λ1+λ2)(1−e
t)
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Probability generating

functions

gX(s) = E{sX} = E{eln(s)X} = MX(ln(s))

• Assume that X takes values only in {0, 1, 2, . . .}.

• gX(s) exists for all s ∈ [−1, 1].

|gX(s)| =

∣

∣

∣

∣

∣

∣

∑

k≥0

skpX(k)

∣

∣

∣

∣

∣

∣

≤
∑

k≥0

|s|kpX(k) ≤
∑

k≥0

pX(k) = 1

• Derivatives of gX(s) at s = 1 give moments.

• X1, . . . , Xn independent ⇒
gX1+···Xn

(s) = gX1
(s) · · · gXn

(s), etc, etc.
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• Derivatives of gX(s) at s = 0 give probabilities!

d

ds
gX(s) =

d

ds

∑

k≥0

sk pX(k)

=
∑

k≥0

d

ds

(

sk
)

pX(k)

=
∑

k≥1

k sk−1 pX(k)

⇒ d

ds
gX(s)

∣

∣

∣

s=0
= pX(1)

And, continuing,

dn

dsn
gX(s)

∣

∣

∣

s=0
= n! pX(n)

• Good news: Computers can differentiate
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