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\ Lecture 32 |

E(Y) = EIE(Y|X)

Success counts in
overlapping trials

Continuous distributions I

Conditional densities I

Examples I

Independence I
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Discrete conditioning
Summary

® P{Y =ylA}, P{Y =ylX =z}

® E(Y|A) = >,y P{Y =yl4}

) = 2., BE(Y]Ar) P{Ax}

YIX=2) = >y P{Y =y|X =z}

E(Y
E(
EY) = 2., EY|X =) P{X =z}
E(Y|X) = g(X), where g(x) = E(Y|X = )
E(Y) = EE(Y]X)]

E(

Sy) = E(X)-E(N)
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/ ‘ Success counts in overlapping trials I \

® S, is the number of success in n Bernoulli(p) trials.

® Find E(S,,|S, = k) for m < n.

E(Sn | Shn=k) = EXi+...+Xn|S,=k)
= Y E(X;|Sy=k)
j=1

— ZP{Trialj a success | S, = k)

j=1
B i P{Trial j a success; k — 1 other successes}
j=1 P{S, =k}
p (7Pt (1 —p)nt mk
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ontinuation and extension:

® £(S,, | S,=k) = mk/n

® = E(S, | Sn) = "5, — independent of p.

® Alternative approach, using ONLY symmetry.

0 S = E(SulSa) = Y1 B(X,1S,) = nE(X1|S,).
o = E(X1|S,) = E(X,|S,) = Sn/n.

0 B(Sn | 52) = Sy BOGIS,) = =8,

® NOTE: The above uses symmetry (exchangeability) and
does not need not independence!
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‘ Joint probabilities I

® X, X,,..., independent, U0, 1], and N ~ Poiss(]\).

® What is the probability that all of X,..., Xy
are less than ¢, t € [0,1]7

o Set Ak = {Xk St} andlk = IA
o We want FE(I11s---Iy).

L*

E(ILIy---Iyn)

E[E (I Iy Iy | N)
= FE(L) - E(In)]
= E[t"]

O

= Y e N/K!
k=0
o~ A(1—1)
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/ ‘ Continuous distributions I \

® We are familiar with

Joint density  fxyv(z,y) fxv(z,y)dedy = P{X € dx,Y € dy}
Marginal of X  fx(x) fy Ixy(z,y) dy
Marginal of Y fy (y) | fxv(z,y) dx

® We are looking for a conditional density

fyix(lr)dy = P{Y edy | X =z} = dlimo P{Y edy | X € dx}
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frix(lz) = fxv(@.y)/ fx(2)

® We defined

fyix(lz) dy = lim. P{Y edy | X € dz}

Consider

PlY edy, X ed
P{Y edy | X edx} = Y € dy, € d}

P{X € dx}
fxv(z,y) dedy
fx(zx) dx

fxv(z,y)
fx@
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/ ‘ Independence I \

® X Y independent
Definition

& " P{XeAYeB}=P{XeA}lP{Y € B}, VA B

Lecture 30 fxv(z,y) = fx(@)- fr(y), Vo,y

® Under independence

fxv(z,y) fx(x) - fy(y)

frix(ylz) = o e fy ()
frvlaly) = P DLW g
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fxv(z,y) = fY|X(y‘5’7)fX(5U)

® X ~I'(2,\) and (Y|X =x) ~ U|0, z].

® Joint density of (X,Y).

fx(@) = Nze™™ >0
frix(yle) = 1/ O<y<u
= fxy(z,y) = Ne ™ O<y<czx

® Marginal density of Y.

iy ly) = / R
Yy
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marginal, and conditional densities

FIGURE 1. Joint, marginal, and conditional densities.

area of slice =
height of marginal
cdensity at x

slice through
density surface
for fixed =

area of slice =
height of marginal
density at y

slice through
density surface
for fixed y

Renormalizing slices 1 Renormalizing slices
for fixed x gives il for fixed g gives
conditional densities conditional densities
for ¥ given X = = if} for X given V=
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Uniform on a triangle \

® Choose a point at random from
{D=(z,y):0<z,y;,0 <24y <2}

® Joint density: 1 wzz
fxy(z,y) =3, if (v,y) € D.

® Marginal of X:

fx(@) =[5 sdy=@2-2)/2, 0<z<?2

® Marginal of YV: fy(y) =(2—1v)/2,0 <y <2

® Conditional of of (Y|X =x), for 0 <y <2 — x:

Frixle) = fxy(@.y) / fx(@) = 3/[2 = 2)/2 = 1/(2 =)

®ic Y|X ~U[0,2—X]
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niform order statistics

N

® [/1,U,,...,U, independent, U|0, 1]

® X = Uy and Y = U(y) are the first two order statistics.

nn—1)(1-y)" 2 f0<az<y<l1
fXY(CUay) — .
otherwise

® Marginal of Y: fy(y) = n(n—1)y(1—y)" 2, 0<y<l1

® Conditional of XY =y

fv(aly) = fxv(@y) )/ fr @)
S 0<z<y
Y

®ic X|Y~UY]
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