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\ Lecture 35 |

Revision of one dimensional
transformations

n dimensional transformations I

Linear transformations I

Sums of random variables (again)

Multivariate normal I

~
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/ ‘ 1-1, differentiable transformations I

® Take g: R — R, 1-1 and differentiable.

® Set Y = g(X), and let fx be the density of X.

) = fxla)) |

Ix(g™'(w)/

where

® g must be 1-1 and differentiable

® The equation y = g(x) must be solved for x in terms of y
(i.e. z = g~ (y)), and this value of z substituted into fx ()

\ and dy/dzx.
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Transforming densities and infinitesimals
2
y+dy=g(x+) Y=g09=/x

fY(y) y=g(X)

X x+dx

0 wool | ——" 2

/

Many to one functions

y=g(x)

fr(y) = Zx:g(x):y fX(ﬂU)/

K L [xqu(X):ﬂ 7 /




/ ‘ 1-1, differentiable, n-dimensional, transformations I \

Y = @(X), X = ]AZ(Y)
® In detail:
Yl — 01 (X17 7Xn) Xl — hl (Y17 7Yn>
Y2 — g2 (X17 7Xn) X2 — h2 (Y17 7Yn>
Yn — 0On (X17 7X'n) Xn — hn (Y17 7Yn>

® Note: Remain with identical number of random variables

K after the transformation. /




/ ® X has density fx(@) = fe(xr,...,2p).

P{YGA} = //()Q AfX(xl ..... Tp) dry...dx,
g €

=[] 5 (k) 196 dyr -

(9= (@), & = h())

where

JY1,...,yn) = det (

N

fe@) = 1T@)] f (b))
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(e

xample 1:

J(u,v)

N

® X Y ~TI'(r,\), independent.
®eU=X+Y, V=X/Y.

ox = hi(u,v) =uv/(1+v),

(.@(uv) 9
ou \ 14w ov
det
0 U 0
\ du (1+v> dv
—U
(14 v)?

o fxy(z,y) = fx(2)fy(y) = X" (zy) e Mo+ /[T (r)]?

cu=gi(z,y) =x+y, v=gz,y =z/y.

y = ho(u,v) =u/(1+v).

(%)

uv

1+4+v

u

(+0)?

—U

(%) &

1+4+v

(1+v)?
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/Example 1: Con’t \

o fxy(z,y) = fx(2)fy(y) = X" (zy) e Mo+ /[0 (r)]?

ox=hi(u,v) =uwv/(1+wv), y=ho(u,v)=u/(1+0v).

fU,V(U», U) — ‘J(ua U)| fXY (h1<u7 U), h2<u7 1}))
( r—1
1 U T w?v —A\u uUv
['(r)]? (1+v)2)‘2 ((1+v)2) e 0< Tto <
= 0< 13-1) < 00
\ 0 otherwise
)\2ru27’—1€—>\u Ur—l
— T@)  Brn(roT 0 <u,v<oo
0 otherwise
\
\ ® ic. U~ Gamma(2r), and U and V are independent. /
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/ ‘ |inear transformations I

® Y/ = AX’ where
a1 .. QA1n

A =

an]_ e o o axnn

® Write |A| for |det(A)|, and B = A~! for the inverse matrix.

L
A

®@Ifn=2 X=(X,Y)and Y = (U, V), we have

fo () = fx (A7)

1 as2oU — a120 a11V — a21u>

fov(u,v) = A Ixy ( A 7 A

1
— Al fxv (b11u + bi2v, baru + baav)

~

wu = ag2/|A|, bio = —a12/|A|, b1 = —a21/|A|, bae = a11/|A|) /
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(e

xample 2:

® X Y ~ N(0,1), independent.
O U -—X+Y. V=X-Y.

o fxv(@,y) = fx(x)fy(y) = e~/ (2m)

1 1 1 {1 1
A= Al=2 B=_
1 —1 2\ 1 -1
1
fov(u,v) = mfxy (b11u + b12v, baiu + bagv)
_ b )+ )4
2| 27
]_ 1 2 1.2
— 6_57“[’ /2 ;6_50 /2
2m(2) 2m(2)

® U~ N(0,2), V~ N(0,2), independently.
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Sums of random variables (again)

® (X Y) have joint density fxy(z,y).

U =X1+Y, V=X

A =

fUV(uav) —

0O 1
A=1 B-=
1 -1
1
m fxy (bi1u + b12v, baiu + bagv)

fXY (v,u—v)

® Marginal density of U = X +Y ( Convolution formula)

Feov( = [ fxr @u=v) do

v

~
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(i

ast example:

1
fg(2) =
X gm
oYy — XA
fo(9) =

1 2
e_imk

1

® X,,..., X4~ N(0,1), independent.

|A|(27)
1

75 e (= (5471 (5471)' /2)

|A|(27)
1

77 exp (—gATH (AT Y /2)

|A|(27)

75 e (—9(4'A) " g 2)

/

11



(i

ewriting....

Foi) = s o (<144 /2)

_ 1 ~Ax1—1 A/
T D|/2(2m)d/2 exp (—gX7§'/2)

where > = A’ A.

® > is called the covariance matrix of the random
variable Y, since,

011 ... 014
D —
Odi ... Oqdd
where ogi; = Cou(Y;,Y;)

\ ® Details: Next lecture
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