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\ Lecture 21 | h

‘ Generating functions I

Moment generating functions I
Moments and the MGF I

Sums of independent variables I
Characteristic functions I

Probability generating functions I




/ ‘ Generating functions I

Probability generating function

gx(s) = E{SX} — Zsm px(z)

X

Moment generating function

Mx(t) = E{e™} = Zem px ()

X

Characteristic function

SOX(Q) _ E{eiGX} _ Zeiex pX(CU)

&vhere i =+/—1.
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Moment generating functions

Mx(t) = E{etX} = > " px(x)

X Bernoulli, parameter p

X ~ Bin(n, p)




/X ~ Poiss(\)

00 0 e—)\)\k
Mx() = et (S
k=0
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k=0
_ e Apre  omA(l—eh)
X ~ Geom(p)
Mx(t) _ Zetk qu—l _ pet Z(Qet)k—l
k=1 k=1
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So

Similarly

‘ Finding the moments from the MGF I

d
= M (t
dt x(t)

~




= B{X), oMy ()

d

~ M (1) = E{X?}

t=0 t=0

Binomial, Mx (t) = (pe' + q)"

M (t) = npe(pe’ +q)" ' = E{X} = M5 (0) = np
MYy (t) = npe'(pe' + )" " + n(n — 1)(pe')*(pe' + q)" >
= E{X?} = M%(0) = (np)® + npq

Poisson, Mx (t) = e=*(1=¢")

My (t) = Ae te207¢) = BIX} = M4 (0) = A
M}é(t) _ )\e—te—k(l—et) + )\26—2t€—>\(1—et)
= F{X?} = M%(0) = A+ \?

\_ /




/ ‘ Moments and the MGF I

® FACT: If Mx (t) exists for all ¢t € [—e, +€|, then ALL the

moments £{ X"} exist and are finite.

E{X"} = > k" px(k)

k=—oc0
= S K px(k) £ SR px(h)

= I + I

1 < > Epx(R) + ) epx(k)

k:k™>exp(ek) k:k™ <exp(ek)
< C(n,e) + Mx(e) < o0

Q‘he other term is similar, but uses —e.

~
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/ ‘ Characteristic functions I \

px(0) = E{"*} = E{"%} = Mx(if)
® MGEF’s do not always exist, since moments do not.

® Characteristic functions always exist.

Z eiea: Dy (x)

X

‘E{ez’@X}‘ _

IA

Z ‘ewm‘px(l‘)
= > px(2)

= 1

® Derivatives of characteristic functions evaluated at € = 0

give moments.
4 (9)‘ _ipxy, Lol = _B(x? et
K 07X\ g0 ag2 X\ g T / /
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‘ Uniqueness of generating functions I

® Each probability function generates only one MGF or CF.
(Obvious)

® Each characteristic function comes from only one probabil-

ity function.  (Deep result in complex analysis)

® Each moment generating function (along with its region of
convergence) comes from only one probability function.
(Deep result in real analysis)

® Using the definitions
Mx(t) = E{e™}, ¢ox(0) = E {ewX}v
the same uniqueness will hold for “continuous random

variables”.

~
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‘ MGF's of sums I

® X, ..., X, independent with MGF’s Mx, (t),...

S5, =X1+...+X,

, Mx, (1).

n

Ms, (1) = Mx,(t)--- Mx,(?)

B{e'S)

F{el(Xit +Xuy
E{el*t ... gt¥n}
Bl B{e)
Mx, (1) --- Mx, ()
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/ ‘ Applications I \

® X ~ Bin(nq,p), independent of Y ~ Bin(ns, p),
= (X +Y) ~ Bin(n; + na,p).

MX+Y(t) — MX(t)My(t) — (pet + q)”l (pet T q)n2
— (pet + q)n1‘|‘n2

® X ~ Poiss()\1), independent of Y ~ Poiss(\s),
= (X +Y) ~ Poiss(A1 + \2).

Mxiy(t) = MxO)My(t) = e M7e) gmral=eh
6—(>\1+>\2)(1—€t)
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/ Probability generating \
functions

gx(s) = B{s*} = B{e"¥} = Mx(In(s))

® Assume that X takes values only in {0,1,2,...}.

® gy (s) exists for all s € [—1,1].

gx(s)] = ZS px (k)| < ZIS\kpx(k) < pr(k) =1

k>0 k>0 E>0

® Derivatives of gx(s) at s = 1 give moments.

® X, ..., X, independent =

K 9x,1..x,(8) =gx,(s) - gx. (s), etc, etc. /
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And, continuing,

. gx(s)

: gx(s)

gx(s)

/ ® Derivatives of gx(s) at s = 0 give probabilities!

—ZS pX

k>0

S () ()

k>0

Z ks® 1 px(k)

k>1

px (1)

= nlpx(n)

\ ® Good news: Computers can differentiate




