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Lecture 29

Continuous joint distributions

Uniform distributions

Examples

Joint densities

Joint distribution functions

Marginal densities
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Joint distributions

Joint distribution P{(X, Y ) ∈ A} A ⊂ ℜ2

Marginal distributions P{X ∈ A} A ⊂ ℜ

P{Y ∈ B} B ⊂ ℜ

Conditional distributions P{X ∈ A|Y = y} A ⊂ ℜ, y ∈ ℜ

P{Y ∈ B|X = x} B ⊂ ℜ, x ∈ ℜ

• For “densities” rather than “distributions”, replace A and

B by dx and dy, throughout.
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Uniform distributions

• (X, Y ) ∼ U(D) ⇐⇒ P{(X, Y ) ∈ A} = |A|/|D|, A ⊂ D

• If X ∼ U(I1) and Y ∼ U(I2) are independent, then

(X, Y ) ∼ U(I1 × I2).

• Special case: If X ∼ U([0, a]) and Y ∼ U([0, b]), then

(X, Y ) ∼ U([0, a] × [0, b]). Since, for any rectangle A × B,

}
}

(X A,Y B)

(X

(Y

A)

B)

0
0 a

b

A

B

P{(X, Y ) ∈ A × B}

= P{X ∈ A, Y ∈ B}

= P{X ∈ A} P{Y ∈ B}

=
Length(A)

a
·
Length(B)

b

= Area(A×B)
ab
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Examples

0 1

1

x + y <12 2

• Take X ∼ U [0, 1] and Y ∼ U [0, 1], independent.

• Find P{X2 + Y 2 ≤ 1}.

• By area computations

P{X2 + Y 2 ≤ 1} =
π

4

0 1

1
• Find P{X2 + Y 2 ≤ 1|X + Y > 1}.

• By area computations

P{X2 + Y 2 ≤ 1|X + Y > 1}

=
P{X2 + Y 2 ≤ 1, X + Y > 1}

P{X + Y > 1}

=
π/4 − 1/2

1/2
=

π

2
− 1
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The meeting problem

• Two people try to meet at a certain place between 5:00pm

and 5:30pm. Each, independently of the other arrives at a

time randomly chosen in this time interval, and waits for

the other at most 5 minutes.

• What is the probability that they meet?

Y=X+1/6

Y=X-1/6

0

1

1

• Take X and Y as fractions of the 30

. minute interval.

• Then X and Y are independent U [0, 1].

• Therefore

Probability of meeting = Inner area

= 1 −

(

5

6

)2

=
11

36
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Uniform distribution over a volume

• Let D be the n-dimensional box

D = [a1, b1] × [a2, b2] × · · · × [an, bn]

with n-dimensional volume

(b1 − a1) × (b2 − a2) × · · · × (bn − an)

• Take X1 ∼ U [a1, b1], . . . , Xn ∼ U [an, bn], independent.

• Then X̂ ≡ (X1, X2, . . . , Xn) is a random variable, uni-

formly distributed on D. i.e.

P{X̂ ∈ A} =
Volume (A)

Volume (D)
, for all A ⊂ D.
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Joint densities

• We start with two continuous random variables, X and Y .

• We are looking for a function fXY , of two variables, that

has the following properties:

◦ fXY (x, y) ≥ 0, for all (x, y) ∈ ℜ2.

◦
∫

∞

−∞

∫

∞

−∞
fXY (x, y) dxdy = 1.

◦ For every set A ⊂ ℜ2,

P{(X, Y ) ∈ A} =

∫

A

fXY (x, y) dxdy
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A density over the triangle 0 < x < y < 1
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Joint distribution function:

FXY (x, y) ≡ P{X ≤ x, Y ≤ y}

• FXY (x, y) is defined for all −∞ < x, y < ∞.

• For fixed x, FXY (x, y) is an non-decreasing function of y.

• For fixed y, FXY (x, y) is an non-decreasing function of x.

• FXY (−∞, y) = FXY (x,−∞) = FXY (−∞,−∞) = 0

• FXY (∞,∞) = 1

• FXY (x,∞) = FX(x), the marginal DF of X .

• FXY (∞, y) = FY (y), the marginal DF of Y .
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x x+dx

y

y+dy (x+dx,y+dy)

(x+dx,y)

(x,y+dy)

(x,y)

1

2

3

4

F (x + dx, y + dy) .

≡ P{X ≤ x + dx, Y ≤ y + dy}

= P{(X, Y ) ∈ one of the 4 regions}

= P{1} + P{2} + P{3} + P{4}

= F (x, y)

+ F (x, y + dy) − F (x, y)

+ F (x + dx, y) − F (x, y)

+ P{X ∈ (x, x + dx), Y ∈ (y, y + dy)}

• Rearranging gives a basic equation and inequality

P{X ∈ (x, x + dx), Y ∈ (y, y + dy)}

= F (x + dx, y + dy) − F (x, y + dy) − F (x + dx, y) + F (x, y)

≥ 0
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Distribution functions and density functions

• The definitions are:

FXY (x, y) ≡ P{X ≤ x, Y ≤ y}

P{(X, Y ) ∈ A} =

∫

A

fXY (x, y) dxdy

⇒ FXY (x, y) =

∫ x

−∞

∫ y

−∞

fXY (u, v) dudv

⇒ fXY (x, y) =
∂2

∂x∂y
FXY (x, y)

and P{X ∈ dx, Y ∈ dy} = fXY (x, y) dxdy
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Working with infinitessimals in the plane
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Marginal densities

• Since

FX(x) =

∫ x

−∞

fX(u) du

and FX(x) = FXY (x,∞)

=

∫ x

−∞

∫

∞

−∞

fXY (u, v) dudv

=

∫ x

−∞

(
∫

∞

−∞

fXY (u, v) dv

)

du

we now get

fX(x) =
∫

∞

−∞
fXY (x, y) dy

and

fY (y) =
∫

∞

−∞
fXY (x, y) dx
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Discrete/Continuous summary table

Handed out in class!
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