
'

&

$

%

Lecture 34

Conditional variance

Sums of discrete random variables

Sums via moment generating functions

Convolution formula for densities

Examples
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Conditional variance

• X and Y are either discrete or continuous.

• µX = E(X), σ2
X

= V ar(X)

• µY = E(Y ), σ2
Y

= V ar(Y )

• µX|Y = E(X |Y ), µY |X = E(Y |X)

• µY = E(µY |X)

• Define conditional variance by

σ2
Y |X = E

{

(Y − µY |X)2
∣

∣X
}

.

• Is it true that σ2
Y

= E{σ2
Y |X}, and, if not, what is true?
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Conditional variance: Con’t

σ2
Y = E

[

(Y − µY )2
]

= E
{

E
[

(Y − µY )
2

∣

∣

∣
X

]}

= E
{

E
[

(

(Y − µY |X) + (µY |X − µY )
)2

∣

∣

∣
X

] }

= E
{

E
[

(

Y − µY |X

)2
∣

∣

∣
X

]}

+ E
{

E
[

(

µY |X − µY

)2
∣

∣

∣
X

]}

= + 2E
{

E
[

(

Y − µY |X

)

·
(

µY |X − µY

)

∣

∣

∣
X

]}

= E(σ2
Y |X) + V ar(E(Y |X))

• In words

V ar(Y ) = E(Conditional variance of Y |X) + V ar(E(Y |X))
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Discrete Uniform-Binomial

• N + 1 boxes, labelled 0, 1, 2, . . . , N . Box number b has b

black balls and N − b white balls.

• Choose a box at random, with number B, and draw n balls,

with replacement. Sn is the total number of black balls.

E(Sn) = E[E(Sn|B)] = E[n · B/N ] =
n

N
E[B] =

n

2

V ar(Sn) = E(σ2
Sn|B) + V ar(E(Sn|B))

= E

[

n
B

N

N − B

N

]

+ V ar(n · B/N)

=
n

N2

[

N · N

2
−

N(2N + 1)

6

]

+
( n

N

)2 N2 + 2N

12

• Note second term is dominant

• V ar(Sn) → n2/12 as N → ∞, and also as n → ∞.
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Sums of discrete random variables

• X and Y discrete, pXY (x, y) = P{X = x, Y = y}

• Z = X + Y

pZ(z) =
∑

x

P{Z = z, X = x}

=
∑

x

P{X + Y = z, X = x}

=
∑

x

P{Y = z − x, X = x}

=
∑

x

P{Y = z − x|X = x}P{X = x}

• X , Y independent gives the discrete convolution formula:

pZ(z) =
∑

x

P{Y = z − x}P{X = x} =
∑

x

pY (z − x) · pX(x)
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Sum of discrete uniforms

• X, Y independent, U [1, N ]

pX+Y (z) =
∑

x

pY (z − x) · pX(x)

• Note that X + Y ∈ [2, 2N ], but pY (y) and pX(x) are

non-zero only for x, y ∈ [1, N ].

CASE 1: 2 ≤ z ≤ N + 1

pX+Y (z) =
z−1
∑

x=1

1/N2 = (z − 1)/N2

CASE 2: N + 1 ≤ z ≤ 2N

pX+Y (z) =

N
∑

x=z−N

1/N2 = (2N − z)/N2
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Sums via moment generating functions

• Moment generating function

MX(t) = E
{

etX
}

=
∑

x

etx pX(x) OR

∫

etxfX(x) dx

• X1, . . . , Xn independent with MGF’s MX1
(t), . . . , MXn

(t).

• Sn = X1 + . . . + Xn

MSn
(t) = MX1

(t) · · ·MXn
(t)
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Convolution formula for densities

• (X, Y ) has joint density fXY (x, y)

• Z = X + Y

fX+Y (z) =
∫

fXY (x, z − x) dx

IND
=

∫

fX(x)fY (z − x) dx

• Proof 1: Via distribution functions

• Proof 2: Via infinitessimals
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Sum of continuous uniforms

• X , Y independent, U [0, 1]

fX+Y (z) =

∫

fX(x)fY (z − x) dx

• Note that X + Y ∈ [0, 2], but fY (y) and fX(x) are

non-zero only for x, y ∈ [0, 1].

CASE 1: 0 ≤ z ≤ 1

fX+Y (z) =

∫ z

x=0

1 dx = z

CASE 2: 1 ≤ z ≤ 2

fX+Y (z) =

∫ 1

x=z−1

1 dx = (2 − z)
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Sums of continuous uniforms
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Proof 1: Via distribution functions

z

z

X+Y<z

x

y=z-x

FX+Y (z) .

= P{X + Y ≤ z}

=

∫

Lower half plane
fXY (x, y) dxdy

=

∫

x

∫ z−x

−∞

fXY (x, y) dxdy

=

∫

x

(
∫ z−x

−∞

fXY (x, y) dy

)

dx

• Recall: fZ(z) = d/dz(FZ(z)).

fX+Y (z) =

∫

x

d

dz

(
∫ z−x

−∞

fXY (x, y) dy

)

dx =

∫

x

fXY (x, z − x) dx
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Proof 2: Via infinitessimals

(Z dz)

z+dzzx x+dx

z

z+dz (X dx)

y=z-x

(X dx,Z dz)

fX+Y (z) dz .

= P{X + Y ∈ dz}

=

∫

Hatched area
fXY (x, y) dxdy

=

∫

x

∫ z−x+dz

z−x

fXY (x, y) dxdy

=

∫

x

(fXY (x, z − x) dz) dx

=

(
∫

x

fXY (x, z − x) dx

)

dz
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Sums of exponentials

• X, Y ∼ exp(λ), independent. Z = X + Y

(Already done via moment generating functions)

fX+Y (z) =

∫

fX(x)fY (z − x) dx

=

∫ z

0

λe−λx · λe−λ(z−x) dx

= λ2e−λz

∫ z

0

dx

= λ2ze−λz z ≥ 0

• i.e. X + Y ∼ Gamma(2, λ).

• Similarly, or via MGF’s, or Poisson process can show
∑

k
Gamma(nk, λ) ∼ Gamma(

∑

k
nk, λ)
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Sums of Gamma distributions

X ∼ Gamma(r, λ) ⇐⇒ fX(x) =
1

Γ(r)
λr xr−1 e−λx, x > 0

• X ∼ Gamma(r, λ), Y ∼ Gamma(s, λ), independent.

• We will show that X +Y ∼ Gamma(r+s, λ), for any r > 0

and s > 0.

• Note: This cannot be expressed in terms of wombats.

• Recall:

X ∼ Beta(r, s)

⇐⇒ fX(x) =
1

B(r, s)
xr−1(1 − x)s−1

=
Γ(r + s)

Γ(r)Γ(s)
xr−1(1 − x)s−1, 0 < x < 1
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fX+Y (z) =

∫

x

fX(x) fY (z − x) dx

=

∫ z

0

1

Γ(r)
λrxr−1e−λx ·

1

Γ(s)
λs(z − x)s−1e−λ(z−x) dx

=

∫ z

0

1

Γ(r)Γ(s)
λr+s xr−1(z − x)s−1 e−λz dx

=

∫ 1

0

1

Γ(r)Γ(s)
λr+s (zu)r−1(z − zu)s−1 e−λz z du

(x = zu, dx = z du)

=
1

Γ(r + s)
λr+s zr+s−1 e−λz

×

∫ 1

0

Γ(r + s)

Γ(r)Γ(s)
ur−1(1 − u)s−1 du

=
1

Γ(r + s)
λr+s zr+s−1 e−λz
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