\ Lecture 27 |

Maxima and minima I
Inverse DF I
Percentiles I
Simulations I




/ ‘ Maximum and Minimum I \

® X, ..., X, independent random variables with distribution

functions Fi, ..., F,,.
® Xmax =max(Xyq,...,X,), Xyip =min(Xy,..., X,)

Fmax(x) = P{Xmax <z} = P{X;<uz,....X, <z}
— P{X, <z}---P{X, <z}
— R@)- Fu(@)

Frpin () P{X

= 1—P{Xmin>x}
= 1-P{Xy1>z,....X, >z}
— 1-P{X) >z} P{X, >z

= 1-(1-F(x) - (1-F(x))

\_ /
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/ ‘ Minimum of exponentials is exponential. I \

Suppose the X; are all exp(\;). Then

0 it x <0

Fq;x =
(@) 1—e MZ if x>0

Clearly, F'

min(®@) =0if x < 0. For x > 0,

y2) 1 — e MT... g7 AT

min (%)

— 1 — e—(>\1+...+>\n)$

so that X iy ~ exp(A1 + ...+ Ap).

K ® No similar result is true for Xmax. /
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/ ‘ Expected lifetime I \

® (Circuit, with components living for an exponential time,

with parameters as shown.

0.3 0.4 0.3

0.1 0.1

Lifetime = L = max (Ltovabottom)

® From last slide, we know

Ligp ~ exp(0.34+0.4+40.3) = exp(1)




Gnd SO

Fr(z) = FLtOp (x)FLbottom (z)
_ (1 . e—a:) (1 . 6—0.2:13)

—0.2x i —1.2x

= 1—e % —e¢ e

Now using (from the last lecture) the fact that

B{X} — /OOO (1— F(2)) da

we have

E(L) = /OOO (e7® —e " + e 1%%) do = 1+4(1/0.2)+(1/1.2) = 5.17

Alternatively, note
fo(z) = Fi(z) = e +0.2e 2% — 1.2e7 127
Kand integrate [~ x fr(z) dz.
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X, ...

‘ Max and min of uniforms I

F(x) =«

y

\

0
x

1

Which implies, for 0 < x <1,
Fmax(x) = F”(x)

Fhipn(®) =1—- (1 - F(z))"

® Lixpectations

N

E{Xmax}

E{X

min}

p— xn7

, X, independent, U[0, 1].

if x <0
if0<zx<l1

ifx>1

~




‘ Asymptotics I

¢ E{Xmin} =1/(n+1)

 B{X2i} = Jyatn(1—a)" " d = 2/[(n+1)(n+2)
® Var(Xpyin) = 2/[(n+1)(n+2) = 1/(n+1)?
= n/l(n+2)(n+ 1))

® By Chebychev

1 n/(n+2)(n+1)?
P{‘Xmm_n—_,_l‘ > 5} S 82

— 0 asn— o
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Distributional (fine) asymptotics

® We now know that X ;,, is “close” to 1/(n + 1)
for large n.

® Consider
Q o
P{Xmin < g} = 1- P{Xmin > ﬁ}
— 1-P{X;>2 Vi=1,....n)
n
= 1-(1-a«a/n)"

— 1—e "
®ic PnX i,<a} ~1-—e°

® We say that nX,;,, has, “asymptotically”, an exponential
distribution

~
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/ Inverse distribution function \

F~p) =inf{z : F(z) > p}
F continuous = F'~!(p)

1_- _____________________________________
p F(X)
F(X)
* F1(p)
1p. """""""" T X
F(X) ®

K X F1(p) /




‘ Inverse DF: properties I

® Defining percentiles: The n-th percentile is defined by
F~1(n/100).

® Application to the standard uniform, U ~ U|0, 1]

P{FH(U) <z} = P{FF(U)) < F(2)}

_ P{U< F())
= F(z)

since P{U <z} =z, z€l0,1]

® Which implies that the random variable F"~1(U) has the
distribution function F'.

N

~
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‘ Simulation I

® Assume that we know how to simulate a U ~ U|0, 1] ran-

dom variable.

® We want to simulate a random variable, X, with DF F'.
® By the last slide, X = F~}(U) has the required DF.

® Example: X ~ exp()).

f(a:) — )\e—kx7 x > 0, F(:E) — 1 — e A%

= F~'(p) =1log(1—p)/(—A)

—log(1 -U)
A

® Note: This procedure will be numerically efficient only

= X =

has an exp(\) dist'n.

when F'~1(p) is a simple function of p.

~
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‘ Simulating a discrete distribution I

______________________ Lo
Ul -
P3_
p Po—
1. 2 Uy
X,= F1(U,) X1=F1Uu)
U Up
| | | I""" |
0 pl p]_+p2 Q|_+p2+p3
X1  Xo X1

~
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/ Algorithm for simulating
a discrete distribution
® We want to simulate a random variable X taking the values
{x1,x2,...} with probabilities {p1,po,...}

® Define

ry i 0<u<p
g(u) = |
xr if pr+...+p_1 <u<pi+...4+pr,and k> 2

® Take U ~ U0, 1].
® Define X = ¢g(U).

® Then X takes the values {xi,xs,...} with probabilities

\ {p1,p2,...}.

~
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