
'

&

$

%

Lecture 35

Revision of one dimensional

transformations

n dimensional transformations

Linear transformations

Sums of random variables (again)

Multivariate normal
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1-1, differentiable transformations

• Take g : ℜ → ℜ, 1-1 and differentiable.

• Set Y = g(X), and let fX be the density of X .

fY (y) = fX(x)
/

∣

∣

∣

∣

∣

dy

dx

∣

∣

∣

∣

∣

= fX(g−1(y))
/ ∣

∣

∣g′

(

g−1(y)
)∣

∣

∣

where

• g must be 1-1 and differentiable

• The equation y = g(x) must be solved for x in terms of y

(i.e. x = g−1(y)), and this value of x substituted into fX(x)

and dy/dx.
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Transforming densities and infinitesimals

4

x x+dx

y+dy=g(x+dx)

y=g(x)

fX(x)

f
Y

(y)

Y=g(X)= X

0

2

fY (y) = fX(x)
/∣

∣

∣

dy
dx

∣

∣

∣

Many to one functions

y

[x:g(x)=y]

y=g(x)
y+dy

fY (y) =
∑

x:g(x)=y fX(x)
/∣

∣

∣

dy
dx

∣

∣

∣
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1-1, differentiable, n-dimensional, transformations

• Transform X̂ = (X1, . . . , Xn) to Ŷ = (Y1, . . . , Yn)

Ŷ = ĝ(X̂), X̂ = ĥ(Ŷ )

• In detail:

Y1 = g1 (X1, . . . , Xn) X1 = h1 (Y1, . . . , Yn)

Y2 = g2 (X1, . . . , Xn) X2 = h2 (Y1, . . . , Yn)

. . . . . . . . . . . .

Yn = gn (X1, . . . , Xn) Xn = hn (Y1, . . . , Yn)

• Note: Remain with identical number of random variables

after the transformation.
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• X̂ has density fX̂(x̂) = fX̂(x1, . . . , xn).

P{Ŷ ∈ A} =

∫

. . .

∫

ĝ(X̂)∈A

fX̂(x1, . . . , xn) dx1 . . . dxn

=

∫

. . .

∫

ŷ∈A

fX̂

(

ĥ(ŷ)
)

|J(ŷ)| dy1 . . . dyn

(

ŷ = ĝ(x̂), x̂ = ĥ(ŷ)
)

f
Ŷ
(ŷ) = |J(ŷ)| f

X̂

(

ĥ(ŷ)
)

where

J(y1, . . . , yn) = det









∂h1

∂y1

. . . ∂h1

∂yn

. . . . . . . . .

∂hn

∂y1

. . . ∂hn

∂yn
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Example 1:

• X, Y ∼ Γ(r, λ), independent.

• U = X + Y, V = X/Y .

◦ fXY (x, y) = fX(x)fY (y) = λ2r(xy)r−1e−λ(x+y)/[Γ(r)]2

◦ u = g1(x, y) = x + y, v = g2(x, y) = x/y.

◦ x = h1(u, v) = uv/(1 + v), y = h2(u, v) = u/(1 + v).

J(u, v) = det











∂
∂u

(

uv
1+v

)

∂
∂v

(

uv
1+v

)

∂
∂u

(

u
1+v

)

∂
∂v

(

u
1+v

)











= det









v
1+v

u
(1+v)2

1
1+v

−u
(1+v)2









=
−u

(1 + v)2
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Example 1: Con’t

◦ fXY (x, y) = fX(x)fY (y) = λ2r(xy)r−1e−λ(x+y)/[Γ(r)]2

◦ x = h1(u, v) = uv/(1 + v), y = h2(u, v) = u/(1 + v).

fU,V (u, v) = |J(u, v)| fXY (h1(u, v), h2(u, v))

=



















1
[Γ(r)]2

u
(1+v)2 λ2r

(

u2v
(1+v)2

)r−1

e−λu 0 < uv
1+v < ∞

0 < u
1+v < ∞

0 otherwise

=







λ2ru2r−1e−λu

Γ(2r)
vr−1

B(r,r)(1+v)2r 0 < u, v < ∞
0 otherwise

• i.e. U ∼ Gamma(2r), and U and V are independent.

7



'

&

$

%

Linear transformations

• Ŷ ′ = AX̂ ′, where

A =









a11 . . . a1n

. . . . . . . . .

an1 . . . ann









• Write |A| for |det(A)|, and B = A−1 for the inverse matrix.

fŶ (ŷ) =
1

|A| fX̂

(

A−1ŷ′
)

• If n = 2, X̂ = (X, Y ) and Ŷ = (U, V ), we have

fUV (u, v) =
1

|A| fXY

(

a22u − a12v

|A| ,
a11v − a21u

|A|

)

=
1

|A| fXY (b11u + b12v, b21u + b22v)

(b11 = a22/|A|, b12 = −a12/|A|, b21 = −a21/|A|, b22 = a11/|A|)
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Example 2:

• X, Y ∼ N(0, 1), independent.

• U = X + Y, V = X − Y .

◦ fXY (x, y) = fX(x)fY (y) = e−(x2+y2)/2/(2π)

A =





1 1

1 −1



 |A| = 2 B =
1

2





1 1

1 −1





fUV (u, v) =
1

|A| fXY (b11u + b12v, b21u + b22v)

=
1

|2|
1

2π
e−

1

2
[(u+v)2/4 + (u−v)2/4]

=
1

√

2π(2)
e−

1

2
u2/2 1

√

2π(2)
e−

1

2
v2/2

• U ∼ N(0, 2), V ∼ N(0, 2), independently.
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Sums of random variables (again)

• (X, Y ) have joint density fXY (x, y).

• U = X + Y, V = X .

A =





1 1

1 0



 |A| = 1 B =





0 1

1 −1





fUV (u, v) =
1

|A| fXY (b11u + b12v, b21u + b22v)

= fXY (v, u − v)

• Marginal density of U = X + Y ( Convolution formula)

fX+Y (u) =

∫

v

fXY (v, u − v) dv
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Last example:

• X1, . . . , Xd ∼ N(0, 1), independent.

fX̂(x̂) =
d

∏

k=1

1√
2π

e−
1

2
x2

k =
1

(2π)d/2
exp

(

−1

2
(x2

1 + . . . + x2
d)

)

=
1

(2π)d/2
exp

(

−1

2
x̂x̂′

)

• Ŷ = X̂A.

fŶ (ŷ) =
1

|A|(2π)d/2
exp

(

−
(

ŷA−1
) (

ŷA−1
)′

/2
)

=
1

|A|(2π)d/2
exp

(

−ŷA−1(A−1)′ŷ′/2
)

=
1

|A|(2π)d/2
exp

(

−ŷ (A′A)
−1

ŷ′/2
)
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Rewriting....

fŶ (ŷ) =
1

|A|(2π)d/2
exp

(

−ŷ (A′A)
−1

ŷ′/2
)

=
1

|Σ|1/2(2π)d/2
exp

(

−ŷΣ−1ŷ′/2
)

where Σ ≡ A′A.

• Σ is called the covariance matrix of the random

variable Ŷ , since,

Σ =









σ11 . . . σ1d

. . . . . . . . .

σd1 . . . σdd









where σij = Cov(Yi, Yj)

• Details: Next lecture
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