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\ Lecture 26 |

Distribution functions I
Properties I
Examples I

A general DF I

Expectation from the DF I
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(Cumulative) distribution functions —

(CDF's)
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P{X<x}

I fx (@) da if X has a density fx
Zxkgx P{X =z} if X is discrete

Basic properties

® ['(—o0) = 0. ® () = 1.

® [’ is non-decreasing. i.e. x <y = F(z) < F(y).

® [’ is right continuous. i.e.

lim F(x+96)=F(x), Vr

K 6—0,6>0 /
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‘ Examples I

X ~U|0,1] (Continuous)

0 otherwise

f(at){l 0<zx<1 £(x)

(0 <0

Flx) = ¢ 2 0<z<1
1 oz>1 F(X)
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X ~U[1,n]

(Discrete)

(x) 1/n xze{l,...,n} P(x)
p\xr) =
0 otherwise 1/n
)
0 r <1
F(x) = < kin kE<z<k+1
L1 T >n F(X)
—
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——
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Density and (cumulative) distribution functions

Probabilities, p(x)

F(b)

a

,HM
b

P{a<X <b}=F(b)-F(a)

F(a)

12— CDF, F(x)

a
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Probability and (cumulative) distribution functions

| \

4 ;

F(b)
P{a<X<b}=F(b)-F(a) 12 / CDF, F(x)
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‘ More properties I

® P{X >z} = 1— F(x), for all X.

® P{X >z} = 1— F(x), for continuous X.

® If X is continuous, then

d
fl@) = - F() = F'()
® If X is continuous, then
P{X edz} = Plr< X <z+dzr}

= F(z+dz)— F(z) =dF(z) =

® If X is discrete, then

P{X edzr} = Plr<X<z+dx}
= F(r+dr)— F(x) =dF(x) =

~

f(x) dx

P{X =z} /
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‘ Uniform on a disk I

Draw a point at random from the unit disk,
and let X denote its first co-ordinate.

F(r) = P{X <z}
— (2ff1 V1—22 dz) /T
= 2 + L [zv1—2?+ arcsinz]

which immediately implies that

flx) = 2V1-—2a2, —1<z<1.

N
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/ ‘ Via infinitesimals I

Here we find the density f(z) by looking
for the infinitesimal probability

~

that P{x < X <z +dz} = f(x) dz. °
This is immediately given from the -1
diagram as
2v/1 — 22
flz) dx = Y de
T
so that

B i 2] <1
flz) =

\ 0 otherwise

/




/ ‘ The Cauchy density — Firing at random I \

F(r) = P{X <z} = P{tanf <z}

1 t
= P{0 < arctanx} = 5 4 ARt

=  f(z) = F'(z) = W(l—lka:Q)’ —00 < x < 00

7

NOTE: E{X} is undefined, since
/_Oo|x| f(x) de = /_OO w0+ 27) dr = oo

10
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‘ The most general DF I

® Discrete: Fy(z) = )., <, P{X =k}

® Continuous: F.(z) = [ f(z) dz.
® Mixture: There exists a number « € [0, 1] so that
F(r) = aFy(x) + (1 —a)F.(x)

where F); is discrete and F. is continuous.

® Most general: There exist numbers «, 3,y € [0,1] with
a+ 3+ v =1, so that

F(z) = aFy(z) + fFe(z) + vF()

~

\ where F; is discrete, F. is continuous, and F§ is “singular”. /

11
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‘ Example of a mixture DF I \

® Toss a fair coin. If it shows H, choose one of the num-
bers (0.25,0,50.0.75,1.0) at random. If it shows T, choose a

number at random from [0,1]. Let X denote the result.

® o = 0.5, F; puts probability 1/4 on each of the points
(0.25,0,50.0.75,1.0), and F.(x) = x, for x € [0, 1].

1.0_]
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‘ Expectation from the DF I

® Recall the formula for discrete random variables taking

non-negative, integer values:

o

E{X} = f:p{xzk} = ) (1-F(k-1))

— Y (1- F(k)

- /OOO (1 - F(z)) dz

® For all, non-negative, random variables we have

B{X} — /OOO(I—F(QU))da:: /OOOP{X>:v)da:

~
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‘ Proof in the density case I

/ P{X > x)dx

- (L w

(o) o

Z/Oyf)

_ /Oooxf(x)d:c

— B{X)
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