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Simplicial complexes

Simplices - Basic building blocks

Simplicial Complex : Glue simplices "nicely".

V finite. ∆ is a complex if ∆ ⊂ 2V such that

B ∈ ∆, A ⊂ B ⇒ A ∈ ∆.
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Geometric complexes

C̆ech Complex: C(Φ, r); Φ ⊂ Rd, d ≥ 2.

Vertices = Φ = {Xi} ; k-simplices/face= {X0, . . . , Xk} if

∩k
i=0Br(Xi) 6= ∅.
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Simplicial Counts

Nerve theorem ⇒ Cech complex ≡ ∪iBr(Xi), Boolean
model.

Simplicial counts : Sk(Φ, r) := k-simplices in C(Φ, r).

U-statistic i.e., Sk(Φ, r) :=
∑

x∈Φ ξ(x,Φ),

ξ(x,Φ) =
1

k!

∑

(x1,...,xk)∈Φk

h(x, x1, . . . , xk).

h(x, x1, . . . , xk); = 1[C({x, x1, . . . , xk}, r) is a k-simplex].

Local - ξ(x,Φ) = ξ(x,Φ ∩ BO(2r)).
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Random counting measures - Φ := {Xi}i ⊂ Rd

Or
∑

i δXi
(.) such that Φ(B) <∞, for bBs B.

Simple : Xi 6= Xj. Stationary : Φ + x
d
= Φ.

Unit Intensity : E(Φ(B)) = |B|.

Correlation functions :

ρk(x1, . . . , xk) := lim
ǫ→0

P(Φ(Bǫ(xi)) ≥ 1, ∀i)
(θdǫd)k

.
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Point process

Random counting measures - Φ := {Xi}i ⊂ Rd

Or
∑

i δXi
(.) such that Φ(B) <∞, for bBs B.

Simple : Xi 6= Xj. Stationary : Φ + x
d
= Φ.

Unit Intensity : E(Φ(B)) = |B|.

Correlation functions :

ρk(x1, . . . , xk) := lim
ǫ→0

P(Φ(Bǫ(xi)) ≥ 1, ∀i)
(θdǫd)k

.

Φn = Φ ∩ [−n1/d

2 , n
1/d

2 ]d. Sk(Φn, r) as n→ ∞ ?

Random Complexes – p. 5/17



Gaussian Zeros

N , Normal rv: P(N ∈ A) =
∫
A

1√
2π
e−

|x|2

2 dx, A ⊂ R.

Random Complexes – p. 6/17



Gaussian Zeros

N , Normal rv: P(N ∈ A) =
∫
A

1√
2π
e−

|x|2

2 dx, A ⊂ R.

NC , Complex normal rv: P(NC ∈ A) =
∫
A

1
πe

−|z|2dz,
A ⊂ C.

Random Complexes – p. 6/17



Gaussian Zeros

N , Normal rv: P(N ∈ A) =
∫
A

1√
2π
e−

|x|2

2 dx, A ⊂ R.

NC , Complex normal rv: P(NC ∈ A) =
∫
A

1
πe

−|z|2dz,
A ⊂ C.

GAF : F (z) :=
∑

j≥0 ψj
zj√
j!

, ψj ∼ NC , i.i.d..

Random Complexes – p. 6/17



Gaussian Zeros

N , Normal rv: P(N ∈ A) =
∫
A

1√
2π
e−

|x|2

2 dx, A ⊂ R.

NC , Complex normal rv: P(NC ∈ A) =
∫
A

1
πe
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GAF : F (z) :=
∑

j≥0 ψj
zj√
j!

, ψj ∼ NC , i.i.d..

ΦZ := {z : F (z) = 0}. Gaussian Zeros.
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Gaussian Zeros

N , Normal rv: P(N ∈ A) =
∫
A

1√
2π
e−

|x|2

2 dx, A ⊂ R.

NC , Complex normal rv: P(NC ∈ A) =
∫
A

1
πe

−|z|2dz,
A ⊂ C.

GAF : F (z) :=
∑

j≥0 ψj
zj√
j!

, ψj ∼ NC , i.i.d..

ΦZ := {z : F (z) = 0}. Gaussian Zeros.

s = d((x1, . . . , xp), (xp+1, . . . , xq)) ; φ(t) = o(t−m), ∀m ≥ 1;

|ρq(x1, . . . , xq)− ρp(x1, . . . , xp)ρ
q−p(xp+1, . . . , xq)| ≤ Cqφ(cqs).
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2π
e−

|x|2

2 dx, A ⊂ R.

NC , Complex normal rv: P(NC ∈ A) =
∫
A

1
πe

−|z|2dz,
A ⊂ C.

GAF : F (z) :=
∑

j≥0 ψj
zj√
j!

, ψj ∼ NC , i.i.d..

ΦZ := {z : F (z) = 0}. Gaussian Zeros.

s = d((x1, . . . , xp), (xp+1, . . . , xq)) ; φ(t) = o(t−m), ∀m ≥ 1;

|ρq(x1, . . . , xq)− ρp(x1, . . . , xp)ρ
q−p(xp+1, . . . , xq)| ≤ Cqφ(cqs).

Clustering Condition
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VAR(Sk(Φn, r)) ≥ Cnα for some α > 0, then

(VAR(Sk(Φn, r)))
− 1
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CLT for U -statistics

U-statistic i.e., H(Φ, r) :=
∑

x∈Φ ξ(x,Φ) ; For nice “h”,

ξ(x,Φ) =
1

k!

∑

(x1,...,xk)∈Φk

h(x, x1, . . . , xk).

Local - ξ(x,Φ) = ξ(x,Φ ∩ BO(2r)) and some moment
conditions.
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Local statistics

Local - H(Φ, r) :=
∑

x∈Φ ξ(x,Φ),

ξ(x,Φ) = ξ(x,Φ ∩ BO(2r)).

Volume / surface measure of CB(Φ, r) := ∪X∈ΦBX(r).

s = d((x1, . . . , xp), (xp+1, . . . , xq)) ; φ(t) = o(t−m). ∀m ≥ 1 ;

|ρq(x1, . . . , xq)− ρp(x1, . . . , xp)ρ
q−p(xp+1, . . . , xq)| ≤ Cqφ(s),

∑
k
AkCk

k! <∞ for any A and a little more !
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CLT and Examples

Theorem (B. Blaszczyszyn, D.Y., J.E. Yukich). If
VAR(Sk(Φn, r)) ≥ Cnα for some α > 0, then
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− 1

2 [H(Φn, r)− E(H(Φn, r))]
d⇒ N.
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CLT and Examples

Theorem (B. Blaszczyszyn, D.Y., J.E. Yukich). If
VAR(Sk(Φn, r)) ≥ Cnα for some α > 0, then

(VAR(H(Φn, r)))
− 1

2 [H(Φn, r)− E(H(Φn, r))]
d⇒ N.

Ginibre point process: Eigenvalues of n× n matrix with i.i.d.
NC entries as n→ ∞.

Stationary Determinantal point processes with suitably
decaying Kernels i.e., for some K(x, y) = φ(|x− y|),

ρk(x1, . . . , xk) = det(K(xi, xj))1≤i,j≤k.

Other Examples: Poisson point processes, certain Gibbs
point processes, certain Cox point processes, finite-range
dependent point processes.
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Main point process examples : Zeros of GAF and
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Proof via cumulant method : Show clustering for

mp(x1, . . . , xp) := Ex1,...,xp(

p∏

i=1

ξ(xi,Φ))ρ
p(x1, . . . , xp).
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What about variance ?

CLTs for a large class of functionals reduced to variance
bounds

Main point process examples : Zeros of GAF and
Determinantal pp.

Proof via cumulant method : Show clustering for

mp(x1, . . . , xp) := Ex1,...,xp(

p∏

i=1

ξ(xi,Φ))ρ
p(x1, . . . , xp).

Variance bounds : ?

Zeros of GAF and Determinantal pp : α = d−1
d ?
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Computational Topological Invariants

Simplicial Counts : Not a topological invariant.

Euler-Poincaré characteristic : χ(Φ, r) :=
∑

(−1)kSk(Φ, r).

Figure 7: χ(T ) = 0.
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Computational Topological Invariants

Simplicial Counts : Not a topological invariant.

Euler-Poincaré characteristic : χ(Φ, r) :=
∑

(−1)kSk(Φ, r).

Figure 9: χ(T ) = 0.

Figure 10: χ(S) = 0.
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Betti Numbers (in 1 slide)

β0(.)− ♯ connected components ;

β1(.)− ♯ two dimensional or circular holes ;

β2(.)− ♯ three dimensional holes or voids.

Figure 19: β0(T ) = 1, β1(T ) = 2, β2(T ) = 1.
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Betti Numbers (in 1 slide)

β0(.)− ♯ connected components ;

β1(.)− ♯ two dimensional or circular holes ;

β2(.)− ♯ three dimensional holes or voids.

Figure 21: β0(T ) = 1, β1(T ) = 2, β2(T ) = 1.

Figure 22: β0(S) = 1, β1(S) = 0, β2(S) = 1.
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Betti Numbers (in 1 slide)

β0(.)− ♯ connected components ;

β1(.)− ♯ two dimensional or circular holes ;

β2(.)− ♯ three dimensional holes or voids.

Figure 23: β0(T ) = 1, β1(T ) = 2, β2(T ) = 1.

Figure 24: β0(S) = 1, β1(S) = 0, β2(S) = 1.

Alexander’s duality : βd−1(A) = β0(R
d \ A)− 1.
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Poisson point process

• ρk(.) ≡ 1.
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• P(B1), . . . ,P(Bk) are independent for disjoint sets with
distribution Pois(|Bi|).
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• Throw Pois(n) points independently and uniformly in
Wn and let n→ ∞.
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Add-one cost or difference operator : X finite set, x ∈ Rd ,

Dxβk(X ) = βk(X ∪ {x})− βk(X ).

−DxSk+1(C(X , r)) ≤ Dxβk(X ) ≤ DxSk(C(X , r)).
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Thermodynamic regime

βk(C(P ∩Wn, r)) as n→ ∞ ?

Add-one cost or difference operator : X finite set, x ∈ Rd ,

Dxβk(X ) = βk(X ∪ {x})− βk(X ).

−DxSk+1(C(X , r)) ≤ Dxβk(X ) ≤ DxSk(C(X , r)).

Subadditive theory, Martingale concentration inequalities ⇒

βk(C(Pn, r))

n
→ β̂k a.s.

True for stationary point processes with a little different
argument.

Random Complexes – p. 14/17



Central Limit Theorem : k > 0

Random Complexes – p. 15/17



Central Limit Theorem : k > 0

K = C(Pn ∪ {O}, r), K1 = C(Pn, r),

Random Complexes – p. 15/17



Central Limit Theorem : k > 0

K = C(Pn ∪ {O}, r), K1 = C(Pn, r),

K2 = C(Pn ∩ BO(2r) ∪ {O}, r), K0 = K1 ∩ K2.

Random Complexes – p. 15/17



Central Limit Theorem : k > 0

K = C(Pn ∪ {O}, r), K1 = C(Pn, r),

K2 = C(Pn ∩ BO(2r) ∪ {O}, r), K0 = K1 ∩ K2.

DOβk(C(Pn, r)) = βk(K)− βk(K1).

Random Complexes – p. 15/17



Central Limit Theorem : k > 0

K = C(Pn ∪ {O}, r), K1 = C(Pn, r),

K2 = C(Pn ∩ BO(2r) ∪ {O}, r), K0 = K1 ∩ K2.

DOβk(C(Pn, r)) = βk(K)− βk(K1).

DOβk(C(Pn, r)) = βk(K2)− βk(K0) + ....
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K = C(Pn ∪ {O}, r), K1 = C(Pn, r),

K2 = C(Pn ∩ BO(2r) ∪ {O}, r), K0 = K1 ∩ K2.

DOβk(C(Pn, r)) = βk(K)− βk(K1).

DOβk(C(Pn, r)) = βk(K2)−βk(K0)+β(Ker ηk)+β(Ker ηk−1).
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Central Limit Theorem : k > 0

K = C(Pn ∪ {O}, r), K1 = C(Pn, r),

K2 = C(Pn ∩ BO(2r) ∪ {O}, r), K0 = K1 ∩ K2.

DOβk(C(Pn, r)) = βk(K)− βk(K1).
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DOβk(C(Pn, r)) = βk(K2)−βk(K0)+β(Ker ηk)+β(Ker ηk−1).
Mayer-Vietoris exact sequence.

Weak stabilization: DOβk(C(Pn, r)) → DOβk(∞) a.s..

Theorem (R.J.Adler, E. Subag, D.Y).

βk(C(Pn, r))− E(βk(C(Pn, r)))√
n

⇒ N(0, σ2).

Proof via theorem of Penrose-Yukich.
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Strong stabilization: R <∞ a.s. such that for all finite
D ⊂ BO(R)
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DOβk(PR ∪ D, r) = DOβk(∞).
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No assumption of Id - Two special cases
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r /∈ Id iff C(P , r) or Rd \ C(P , r) does not percolate

I2 = ∅, Id 6= ∅. Assume r /∈ Id

Strong stabilization: R <∞ a.s. such that for all finite
D ⊂ BO(R)

c

DOβk(PR ∪ D, r) = DOβk(∞).

Theorem (R.J.Adler, E. Subag, D.Y).

βk(C(Xn, r))− E(βk(C(Xn, r)))√
n

⇒ N(0, τ2).

No assumption of Id - Two special cases
β0(C(Pn, r)), βd−1(C(Pn, r)) = β0(R

d \ C(Pn, r))− 1.
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